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 ثٌٍّخض ثٌؼشدٝ :

 Limit Equilibrium)  ثٌقذٞ ثٌضٛثصْ ؽش٠مز ص غضخذَ. ثٌؾ١ٛصم١ٕز ثٌٕٙذعز فٟ ِّٙز لؼ١ز ثٌّٕقذس ثعضمشثس ٠ؼذ

Method)   ًثلأضلاق عطـ أْ ٠ فضشع ِج ػجدر  . ٚفؼج١ٌضٙج دغجؽضٙج دغذخ ثٌقشػ ثلأضلاق عطـ ٌضق١ًٍ شجةغ دشى 

 ِٕضٌك عطـ أفؼً ٘ٛ ، (FS) ثلأِجْ ِؼجًِ ِٓ ثلأدٔٝ ثٌقذ ػٍٝ ٠قضٛٞ ٚثٌزٞ ، ثٌقذٞ ثٌضٛثصْ ؽش٠مز فٟ ثٌقشػ

 غ١ش ٌٍّٕقذسثس ، ٚثٌّشثعٟ ثٌضشدز ِغج١ِش ِغً ، ثٌّٕقذس صغذ١ش صذثد١ش ٚصظ١ُّ صق١ًٍ فٟ ثٔضلالٟ وغطـ ٠غضخذَ عُ

 ث٢خش ثٌذؼغ لجَ د١ّٕج ، ثٌذؼذ٠ٓ فٟ ثٌقشػ ثلأضلاق عطـ ٌضخظ١ض ٌضؼ١ٓ ثٌضم١ٕجس ِٓ ثٌؼذ٠ذ ثعضخذثَ صُ. ثٌّغضمشر

 ِغضؼّشر صم١ٕز دجعضخذثَ ٌٍضشدز ثٌّٕضٌم١ٓ ثٌغطق١ٓ ِٓ ولا ثٌذسثعز ثٌقج١ٌز عضمذَ ، فمؾ ثٌغلاعز ثلأدؼجد فٟ دقغجدٗ

 صُ ثٌضٟ ثٌٕضجةؼ د١ٓ ثٌّمجسٔز عُ ثٌّخضٍفز ثٌّٕقذسثس أٔٛثع ِٓ ثٌؼذ٠ذ فٟ صطذ١مٗ دٛثعطز (GWO) ثٌشِجد٠ز ثٌزةجح

 .ثٌّٕقذسثس ِٓ ِخضٍفز أدؼجد لأٛثع ٚعلاعز صطذ١ك دؼذ٠ٓ خلاي ِٓ ػ١ٍٙج ثٌقظٛي

ABSTRACT: 

   Slope stability is an important issue for geotechnical engineering, where many decades 

the limit equilibrium method (LEM) was commonly used to allocate the soil critical slip 

surface because it is too simple and effective. The (LEM) was used to determine the 

critical slip surface with the lowest factor of safety (FS), which is commonly thought to be 

the critical surface and utilized as the slip surface failure in the design of soil stabilizing 

measures such as anchors to safeguard unstable slopes. So Many techniques were used to 

allocate the critical slip surface in the two dimensions, while others calculated it by the 

three dimensions, but this paper will present the both two and three soil slip surfaces using 

the Gray Wolf Optimization technique (GWO), by applies it in many different types of 

slopes. The analysis will calculated by run a MATLAB program to gets the factors of 

safety results, then compared between the results obtained by both two and three 

dimensions for many different type of slopes.   

Keyword: Slope stability, Factor of safety, Limit equilibrium, Gray wolf optimization 

 

1. INTRODUCTION 

A major part of geotechnical engineering practice is to study slope stability studies. The 

ability to analyze a mass of soil and determine a factor of safety (FOS) has provided the 

engineering profession with considerable credibility. Over several decades, improvements 

 

Al-Azhar University Civil Engineering Research Magazine (CERM)     

Vol.  (43 ) No . ( 3 ) July . 2021                                        

 

mailto:nesrinali29@gmail.com
mailto:Dr.samirgad55@gmail.com
mailto:dr_mbakr8@yahoo.com


555 
 
 

in the techniques used to analyze slopes have been tremendous and this has given rise to 

questions regarding the correct approach to be used in practice. In the early years of the 

soil mechanics, several slope stability methods developed. This often leaves questions 

about the important of the new methodologies to the practicing geotechnical engineer. 

Other more complicated computational tools have been born in the present, which used 

Two and three-dimensional analyses are used to analyze slope stability. This paper 

presented many Slope stability optimum solutions by using some artificial optimization 

techniques. 

 

2. TWO-DIMENSION LIMIT EQUILIBRIUM METHODS 

The most common methods for calculating the slope stability is the limit equilibrium 

techniques. Most limited equilibrium methods divide the mass into a series of vertical 

slices within a circular failure surface and analyze the forces inside the slopes. Limit 

equilibrium methods have achieved a big success in slope stability assessment under 

different conditions Fredlund (1981). The following equations present the factor of safety 

calculates by using the LEM. To calculate of the shear strength from the normal stress  n', 

the friction and the soil cohesion c' the following relationship is assumed 

 

According to Janbu (1954), the FOS defined as the ratio of the maximum shear strength S 

at failure to mobilized shear stress τ: 

 

2.1 Morgenstern and Price method 

The Morg-Price (1965) method presented both the force & moment equilibrium. To define 

the direction of inter-slice normal force E and inter-slice shear force X with regard to the x 

direction, a function f(x) must be assumed. The values of λ each slice represent the various 

shear-to-normal ratios along the slip surface. The following Equation is presented, to 

evaluate slope stability which is based on an assumed that the ratio between the slice 

normal and shear forces.  

 

The method suggests assuming any type of force function, for example half-sine, 

trapezoidal or user defined. Nash (1987) proved that the factor of safety Ff is equals to Fm 

in the following Equations: 
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2.2 Spencer Slice method 

Spencer (1967) assumed perpendicular forces to the inter slice forces, derived two factors 

of safety equations one with respect to moment and the other is respect to forces as shown 

in the equations: 

 

 

Where: - N was calculated at each slice base as follows, u = pore pressure, R = circle 

radius, and α = inclination of slip surface at the middle of slice 

 

 

3. THREE-DIMENSION LIMIT EQUILIBRIUM METHODS 

Three-dimension critical slip surface can be solved by many Different numerical methods 

to simulate the stress field of a slope under natural conditions. The safety factor can be 

determined with respect to the moment of equilibrium that is equal to Fm, or calculated 

with respect to the force of equilibrium that is Ff. In terms of moment equilibrium Fm, the 

safety factor can be obtained by summing up the moment of all forces over the failed mass 

around a rotation axis. Similarly, by summing forces in the X direction over the failed 

mass, the safety factor with respect to force equilibrium Ff can be derived, the safety 

factors will be determined as follows 

 

 

 

4. GLOPAL OPTIMIZATION 

The critical slip surface is a very complicated problem especially when taking the third 

direction into considerations, so many researcher applied different methods trying to 

reached to the optimum critical slip surface, this used methods used to solve the slope 

stability was classified into two main categories: 1)  Methods based on mathematics, and 

2) Meta-heuristics methods which also can classified into three main classes: physics-

based techniques, Evolutionary algorithms (EA), and Swarm Intelligence algorithms (SI).  
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4.1 The mathematics methods 

Yang, (2016) [15] Used finite element method to find the three-dimension critical slip 

surface and minimum factor of safety by using sphere and ellipsoid. An especially work 

for the critical slip surface and landslide volume under random earthquake ground motions 

was introduced by Huang, (2018). A novel approach to calculate the factor of safety of soil 

slopes when the soil strength follows the nonlinear yield criterion was presented by Zhou 

(2020). 

4.2 Meta-heuristics methods  

The physics-based techniques Mishra (2020) presented the application multiverse 

optimization algorithm (MVO) which applies the method on soil slopes containing a band 

of weak layers sandwiched between two strong layers, to determine if the proposed 

algorithm can capture the presence of the weak soil layer. 

Evolutionary algorithms (EA) Mishra, (2020) presented teaching– learning-based 

optimization (TLBO). The effective modification for the gravitational search algorithm 

(MGSA) was shown in Khajehzadeh, (2012). A new mesh-free, particle-based numerical 

method in geotechnical engineering called smoothed particle hydrodynamic (SPH) is 

adopted to simulate the entire process of landslides, including the large displacement of 

soils after a landslide initiates was presented by Li, (2019).   

Swarm Intelligence algorithms (SI) S. H. Li, (2020) applied the improved whale 

optimization algorithm (IWOA). Grey wolf optimization (GWO) which used to predict the 

soil slip surface Ali, at al. (2021). The Ant colony optimization presented on Dorigo, M. 

(2004), mimic the foraging behavior of social ants. Primarily, ants use pheromone as a 

chemical messenger and the pheromone concentration can also be considered as the 

indicator of quality solutions to a problem of interest. At the end Nagendran, (2020) 

presented the UAV technologies to calculate the critical slip surface. The Photogrammetry 

is a technique used for rock slope assessment. 

 

5. MECHANSM OF GRAY WOLF TECHNIQUE 

This work will present a Grey Wolf Optimization (GWO) which used to predict the soil 

slip surface by using MATLAB program. This optimization depends on simulated the 

hierarchy for the gray wolves consists of the following wolves (alpha, beta, delta, and 

omega) which focus on the wolves hunt strategy Mirjalili (2016).The leaders are known as 

alphas, and they might be male or female. The pack should heed his/her directives Mech, 

(1999). It is responsible for making hunting, sleeping place, ect, and these decisions are 

dictated to the other wolves which follows alpha. The key stages of grey wolf hunting are 

as follows, according to Muro, (2011)  

1) Tracking, chasing and approaching the prey 

2) Pursuing, encircling, and harassing the prey until it stops moving 

3) Attack towards the prey 
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This paper will solve the soil problem by using the hunting strategy and the social 

hierarchy of grey wolves which mathematically modeled as follows. 

 

5.1. Social hierarchy: 

The social hierarchy of wolves in the mathematical model when developing GWO is 

considered the best approach to alpha (α), so, the second and third-best solutions will be 

beta (β) and delta (δ), so the remaining candidate solutions are omega (ω). Hunting 

(optimization) is guided by α, β, and δ. The ω wolves follow these three wolves 

 

5.2. Encircling prey 

Grey wolves encircle prey during the hunt, to mathematically model encircling behavior 

the following "Eq. (1), (2) are proposed: 

 

 

 

Where t indicates the current iteration, A and C are coefficient vectors, Xp is the position 

vector of the prey, and indicates the position vector of a grey wolf. The vectors A and C 

are calculated by "Eq. (3), (4): 

 

 

Where components of a are reduced linearly from 2 to 0 throughout iterations and r1, r2 are 

random vectors in [0,1]. To see the effects of equations (1) and (2), A two and three-

dimensional position vector and some of the possible neighbors are shown in Figure 1.a,b. 

 

 

Figure 1 2D and 3D position vectors and their possible next locations 

5.3. Hunting 

Generally, the hunt is led by the alpha. The beta and delta could often also engage in 

hunting. However, there is no idea about the optimal position of the prey in a search area. 

To mathematically mimic the hunting behavior of grey wolves, the alpha was thought to be 

the best solution. Beta and delta are then supposed to provide a better understanding of the 

location of the prey. Thus, other studies such as omega will be saved and forced to change 

their positions according to the best search location.  
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5.4 Attacking prey (exploitation) 

As mentioned above the grey wolves finish the hunt by attacking the prey when it stops 

moving. In order to mathematically model approaching the prey we decrease the value of 

 ⃗. Note that the fluctuation range  ⃗ of is also decreased by  ⃗.In other words  ⃗ is a random 

value in the interval [-a,a] where a is decreased from 2 to 0 over the course of iterations. 

When random values  ⃗ of are in [-1,1], the next position of a search agent can be in any 

position between its current position and the position of the prey. Figure (2,a) shows that 

|A|<1 forces the wolves to attack towards the prey. 

 

 

Figure 2 Attacking prey versus searching for prey 

 

5.5 Search for prey (exploration) 

Alpha, beta, and delta diverge from each other in real life to hunt for prey and unite to 

attack prey. So, a random value greater than 1 or less than -1 was used by the mathematical 

model to force the search agent to move far from the prey. Also, Figure (2.b) shows that in 

the case of |A|>1 this forces the grey wolves to diverge from the prey to hopefully find 

better prey. Another component that must take into consideration in GWO is C ⃗. Which 

seen in "Eq. (4) the C ⃗ vector contains random values from [0, 2].  

 

6. INVISTIGATED SLOPES 

With the rapid development of computer software, and optimization technique gradually 

becomes widely used for solving the complicated engineering problems. In this paper, 

MATLAB 2D and 3D were used for solving 4 different type of slopes (simple slope, 

homogenous slope, slope with benches, and steep slope), every slope will be solved using 

Spencer and Morg- Price methods under three different situations (soil without water, the 

water level is at 1.0 m under the soil surface, the water level at the middle of the soil 

slope), that will present 48 cases studies. 

 

6.1 Simple uniform homogenous slope 

The first case was a simple slope as shown in Figure (3.a), the parameters were shown in 

Table 1, and this slope case was used for the first time by Yamagami and Ueta (1997). 
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6.2 Complicated slope 

This slope have a many layers these consists of three layers of different materials 

presented by (Donald and Giam 1995), parameters of the three materials are tabulated on 

Table 2. Figure (3.b) shows the geometry of this slope. 

 

 

 

                                  .(a) simple slope                                    (b) Complicated heterogeneous  

Figure 3 simple slope and Complicated heterogeneous slope geometries  

 

6.3 Slope with benches 

Figure (4.a) presented the soil slope consists of many benches with different inclinations as 

presented by Salah, and Yannic E, (2017). The Parameters for the slope layers are listed in 

Table 3. 
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6.4 Steep slope 

The steep slope was presented by Salah, and Yannic E, (2017), characteristics of the soil 

layers are shown in Table 4 and it geometry will presented on figure (4.b). 

 

 

                  .(a) slope with penches                                   (b) steep slope 

Figure 4 slope with penches and steep slope geometries 

7. ANALYSIS, RESULTES, AND DISCUTION 

 As mentiened above this paper will applied the gray wolf optimization on four types of 

slopes on three different situations. In this section the simple slope analyses will be 

presented.  

7.1 simple slope analysis and results  

The 2D critical slip surface in case of dry soil is present in figure (5-a) computed using 

Morg–Price and its value was 1.198 and figure (5-b) presents the value of Spencer factor 

of safety which found to be 1.205.  The optimum slip surfaces with its factors of safety 

shows in both figure (6- a, b) when using the same slope with 1.0 m water level below the 

slope surface found to be 1.112 and 1.129 by using Morg–Price and Spencer respectively. 

When the water level be in the middle of it the minimum FOS was found to be 1.178 in 

using the 2D method with Morg–Price method as shown in figure (7-a), and its value be 

1.193 in Spencer method as shown in figure (7-b). 

 

                          .(a) Morg–Price                                                           (b) Spencer 

Figure 5.a, b dry soil in 2D slip surface with Morgenstern–Price and Spencer 
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              .(a) Morg–Price                                                              (b) Spencer 

Figure 6.a, b soil in 2D with 1.0 m water depth below the surface with Morgenstern–Price and Spencer 

 

                      

                              .(a) Morg–Price                                                              (b) Spencer 

 

Figure 7.a, b water depth in the middle of the surface with Morgenstern–Price and Spencer 

 

The flowing results for the above simple slope by using the gray wolf optimization method 

in both two and three dimensions slope stability was. Figure (8-a) and figure (8-b) 

presented the 3D critical slip surface in case of dry soil it found to be 1.268 and 1.281 by 

using Morgn–Price and Spencer methods respectively. The optimum slip surfaces with its 

factors of safety shows in both figure (9-a, b) when using the same slope with 1.0 m water 

level below the slope surface found to be 1.182 and 1.188 by using Morg–Price and 

Spencer methods respectively. When the water level be in slope middle the minimum FOS 

was found to be 1.240 in using the 3D method with Morg–Price method as shown in figure 

(10-a), and its value be 1.245 in Spencer method as shown in figure (10-b). 

                      

                     .(a)                                                                  (b) 

Figure 8.a, b 3D dry soil with Morgenstern–Price and Spencer critical slip surface 
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                          .(a)                                                            (b) 

Figure 9.a,b 3D with 1.0 m water depth below the surface by using Morgenstern–Price and Spencer 

                       

                                           .(a)                                                         (b) 

Figure 10.a,b 3D slope with water depth in the middle of the surface using Morgenstern–Price &Spencer 

 

7.2 Slopes results and discussions 

The minimum factors of safety results were tabulated on table 5 for both two and three 

dimensions slip surface, which calculated by running the gray wolf optimization on 

MATLAB program by using four different slopes in three different situations. A 

comparison between the results for minimum factor of safety (FOS) in case 2D and 3D for 

the various configuration of the slope, it can seen that 3D slope stability results are more 

accurate to natural soil stabilized behavior. 

The results showed that the three-dimensional safety factor is always greater than the two-

dimensional safety factors with a variable percentage ranging from (4% to 10%). such as 

the simple slope with Morgenstern-price in the first row the 3D FOS is 1.268, while the 2D 

FOS is 1.198, indicating that the 3D is 5.84% percent better than the 2D. 

 

In case of slope with benches when the water level be of middle of the slope the 2D factors 

of safety for both Morg–Price method's and Spencer were 1.186 and 1.216 respectively; 

and in 3D and Morg–Price method the value of F.O.S is equal to 1.252 this results is equal 

to the dry soil F.O.S values, because the water level is very low so the circular didn't cut 

the slope from the water level, this which happened also in the steep slope.   
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The ratio between the results in case of dry soil and the effect of the water in both 2D and 

3D were found to be as follow: 

 The ratio between the dry soil in 2D  to dry soil in 3D was Ranges between 

maximum 9.3% as in the homogenous slope by using Spencer method and its 

minimum ratio was 4.38% as in the steep slope with Spencer method 

 the ratio between 2D and 3D when the water depth was in the middle of the slope 

arrived to its maximum value in the homogenous slope using Spencer method  it 

was 9.22%, But it achieved the lowest percentage in steep slope with Morgenstern-

price method it was 2.05% 

 When the water depth was1.0 m below the slope surface, the ratio between 2D and 

3D reached its maximum value of 10.2% in the  homogeneous slope using 

Morgenstern-price  method, but it reached its lowest percentage of 4.97% in the 

simple slope using Spencer method 

 

8. CONCLUSIONS 

This paper demonstrates the prediction of the soil slip surface and its factor of safety by 

using optimization techniques. So the after simulating this problem with the Gray wolf 

behavior and running the program many times the following conclusion was obtained: 

1) The MatLab software was developed and validated as a generalized three-

dimensional stability analysis model. 

2) the factor of safety was determined twice, once using Morg-price and once using 

Spencer, For four different types of slopes under three different conditions 

3) in all presented slopes type The factors of safety calculated by the 3D slope 

stability presented results too close to the natural soil results 

4) The GWO has higher computational efficiency, faster and easier than the other 

optimization techniques. 
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