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:اٌعشثٝ اٌٍّخض  

، فٝ ٘زا اٌجؾش رُ ٠عذ اٌزذاخً ث١ٓ اٌىجبسٞ ٚ اٌّشوجبد اؽذ اُ٘ اٌعٛاًِ اٌزٟ رثصش عٍٝ سد اٌفعً اٌذ٠ٕب١ِىٟ ٌٍىجبسٞ

اٌفعً اٌذ٠ٕب١ِىٟ ٌٍىجبسٞ ِ  الاخز فٟ الاعزجبس ربص١ش اٌزذاخً ث١ٓ  ثشٔبِظ عٍٝ اٌؾبعت الاٌٟ ٌؾغبة سدرط٠ٛش 

رغضئخ إٌّشؤد ٚ اخزضاي  أاٌىجبسٞ ٚاٌّشوجبد. اٌّفَٙٛ الاعبعٟ ٌٍجشٔبِظ اٌؾغبثٟ اٌّغزخذَ ِجٕٟ عٍٝ ِجذ

خ, ١ِٛي اٌّظفٛفبد. ٕ٘بن اٌعذ٠ذ ِٓ اٌعٛاًِ اٌزٟ رثصش عٍٝ اٌزذاخً ث١ٓ اٌّشوجبد ٚاٌىجبسٞ ِضً عشعخ اٌّشوج

رُ عًّ دساعخ ثبساِزش٠خ  ،, ارظبي ثؾٛس اٌىجبسٞ ثجعؼٙب, ٚعٛد رعشعبد فٟ عطؼ اٌىٛثشٞجبسِٞطبٌ  ٚ ِٕبصي اٌى

ٌذساعخ ربص١ش ٘زٖ اٌعٛاًِ اٌّخزٍفخ. رُ ؽغبة ل١ُ ِعبًِ اٌزىج١ش اٌذ٠ٕب١ِىٟ ثٕبءا عٍٝ إٌزبئظ اٌّؾغٛثخ ِٓ اٌجشٔبِظ 

 ٟ اٌىٛد اٌّظشٞ.ٚ رُ ِمبسٔزٙب ثبٌم١ُ إٌّظٛص ع١ٍٙب ف

اٌىٍّبد اٌذاٌخ : سد اٌفعً اٌذ٠ٕب١ِىٟ, رذاخً اٌّشوجبد ٚاٌىجبسٞ, ١ِٛي اٌّطبٌ  ٚإٌّبصي, ِعبًِ اٌزىج١ش اٌذ٠ٕب١ِىٟ, 

.بدئإٌّشرغضئخ   

ABSTRACT: 

The dynamic response of bridges is extremely affected by the vehicle-bridge interaction. A 

software program was modified and used to calculate the bridge dynamic response 

including the vehicle-bridge interaction. The analytical model used is based on 

substructuring and matrix condensation. There are many factors affecting the vehicle-

bridge interaction such as vehicle speed, slopes of bridge entrance and exit, the bridge 

spans continuity, and the existence of irregularities in the road surface. A parametric study 

was conducted in order to investigate the effects of these different factors on the bridge 

dynamic response. Dynamic Amplification Factors (DAFs) were calculated based on the 

results obtained through the analysis and these values were compared to their 

corresponding values specified in the Egyptian Code of Practice. 

KEYWORDS: Dynamic Response, Vehicle-Bridge interaction, Entrance and Exit Slopes, 

Dynamic Amplification Factors, substructuring. 

 

Al-Azhar University Civil Engineering Research Magazine (CERM)                

Vol.  (43 ) No. ( 2 ) April . 2021 

 



51 
 

1- INTRODUCTION 

The dynamic response of bridges under moving vehicles is affected by various 

parameters. The interaction between vehicle and bridge systems is among the most 

significant of these parameters. Throughout the last decades, the modeling of the bridge-

vehicle system has witnessed unprecedented advancement as a result of the dramatic 

increase in computational capabilities of modern electronic computers. The finite element 

models used to simulate the vehicle-bridge system have progressed from the simple 

idealization for the whole vehicle as an unsprung single mass into more complex vehicle 

models describing the various vehicle elements including axle masses, tires, and 

suspension stiffnesses, and their corresponding damping coefficients. The basic concept of 

modeling bridge and vehicle systems is based on substructuring and matrix condensation. 

Previous research at the Structural Engineering Department of Ain Shams University 

developed an analytical model for the vehicle-bridge system to study the interaction 

between vehicle and bridge using software package )Microsoft Excel & Visual basic). 

Many parameters affect this interaction between the vehicle and bridge systems, such as 

the effect of vehicle vibrations resulting from the passage of the vehicle on several 

consecutive spans, the continuity of bridge spans, the upward and downward slopes at 

bridge entrance and exit, vehicle speed, and bridge and vehicle damping and the presence 

of irregularities in the road surface. The Egyptian Code of Practice uses impact factor 

formulas not relying on these factors. 

2- LITERATURE REVIEW 

Zeng and Bert [1] presented a semi-analytical technique to solve the bridge-vehicle 

interaction problem. A parametric study was conducted on Walnut Creek Bridge in 

Arizona. The bridge was skewed 45 to the roadway. Many traffic conditions were 

examined. The highest DAF was obtained when two vehicles were running at the same 

lane with one axle spacing between them, and the smallest DAF was obtained when two 

vehicles were running with a span length between them. It was also observed that with 

increasing the skew angle, DAF values increased.  

Fafard et al [2] studied the dynamic response of an existing bridge under vehicle loads. A 

3D analytical model was used for the vehicle. A comparison was held between the used 

models and the experimental results. The experimental results were found to be in good 

agreement with the F.E.M results. The results showed that DAFs computed for 

displacements are lower than those of straining actions. Fafrad (1998) recommended using 

the DAFs for deflections in the serviceability limit state and the DAFs for moments in the 

collapse limit state for bending.  

Yang and Lin [3] developed an efficient procedure to simulate the dynamic response of the 

bridge-vehicle system based on the concept of matrix condensation. The vehicle was 

modeled as a lumped mass supported by dashpots and springs. The bridge was modeled as 

a three-dimensional beam element containing 12 DOFs. An interaction element was 

defined which consisted of a bridge element and the vehicle suspensions in contact with 

this element. The developed procedure was found to be computationally efficient and it 
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was especially convenient for the simulation of the bridge-vehicle system with different 

vehicle flow patterns. 

Nguyen-Xuan et al [4] examined the effect of road unevenness on the dynamic vehicle-

bridge interaction. A study was performed on the Nguyen-Tri-Phuong bridge in Vietnam. 

The numerical results were found to be in good agreement with the test results. The 

findings showed that the road surface condition has major effects on the dynamic impact 

factor.  

Pagnoncelli and Miguel [5] introduced a simple methodology to calculate the dynamic 

analysis of the bridges considering the vehicle-bridge interaction and applied the 

methodology to a concrete bridge which was built on the Rio Santos Highway. The bridge 

was simply supported and had a box girder section. Four simplified models were used for 

the vehicle model. The results revealed substantial differences between vehicle models. 

These differences indicated that increasing vehicle model complexity brings the dynamic 

response closer to reality. 

3- BRIDGE VEHICLE-INTERACTION MODEL 

Increasing the complexity of the bridge-vehicle dynamic model to simulate their actual 

behavior leads to more accurate results. The vehicle-bridge model used here is the software 

program developed by El-Badrawy [6]. The concept of solving the interaction problem 

between the bridge and vehicle is based on the substructuring and matrix condensation. 

3.1 Vehicle model  

         The vehicle model used in this study is a 3-axle truck. This vehicle model was used 

by Hassan [7] and El-Badrawy [6] in their previous research work. All the 3 axles are 

mounted on a common suspension which consists of a multi-leaf spring. The vehicle 

model consists of the sprung body mass, the multi-leaf suspension, front and rear axles, 

and the vehicle tires. The sprung body mass [M] is supported on the common suspension. 

This sprung mass is subjected to a rigid body motion in which the vertical displacement 

and the pitching rotation are considered. The front and rear suspensions are simulated as 

springs (        The unsprung masses (the axles masses 𝑚 , 𝑚  𝑚   are supported on the 

tires which are simulated as springs (        ). Viscous dampers (               are 

introduced to the suspension and tire springs to include the damping characteristics. The 

free-body diagram of the vehicle can be shown in Figure 1. 
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Figure 1: Free body diagram for the vehicle components 

3.2 Bridge finite element model 

The bridge model used in this study is a two-dimensional beam element. The effect 

of the transverse vibration modes on the response is neglected. Only the case of symmetric 

transverse loading is considered. The whole structure is divided into small segments of 

equal length. The nodes of these elements are numbered in sequential form. The local 

stiffness matrix for each element can be obtained easily using the standard beam element 

stiffness matrix. The consistent mass matrix is used to represent the local mass matrix.  

3.3 Tire stiffness matrix 

The combined vehicle bridge stiffness matrix contains three matrices, the vehicle 

stiffness matrix   ], the condensed bridge stiffness matrix     ], and the tire stiffness 

matrix.       ]. Let the vehicle axle location lie between the bridge nodes which have the 

degrees of freedoms (6&7). Assume that the axle location is at a distance x from the first 

bridge node and the distance between the two bridge nodes is of a length L as shown in 

Figure 2. 

 

Figure 2: Displacements relations between the bridge contact points and axle DOF. 
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the following relations can be obtained 

r1  = x / L                                (1) 

r2 = (L-x) / L          (2) 

 15 =  6 . r2 +  7 . r1         (3) 

Where  15 is the displacement of the bridge at the axle position. And  6  is the 

displacement of the first bridge node.      7  is the displacement of the second bridge 

node. 

Also, the following relations can be obtained: 

F3 = ktire . ( 3 –  15 ) = ktire . ( 3 -   6 . r2 -  7 . r1)      (4) 

F15 = - F3 =  ktire . ( 15 –  3 )        (5) 

F15= ktire . ( 6 . r2 +  7 . r1  –  3  )       (6) 

Where  3 is the axle displacement,  𝐹3 is the axle force, and 𝐹15 is the bridge reaction at the 

axle position and ktire is the tire stiffness. 

𝐹6  =  𝐹15 . r2 = ktire . ( 6 . r2
2
 +  7 . r1 . r2  –  3. r2   )     (7) 

𝐹7 =  𝐹15 . r1 = ktire . ( 6 . r2 . r1.  +  7 . r1
2
 –  3. r1 )     (8) 

Where F6 is the bridge reaction at the first bridge node and F7 is the bridge reaction at the 

second bridge node. Using the previous equations, the relations between the forces and 

displacements of the vehicle DOFs and connection points DOFs could be obtained, which 

is called the tire stiffness matrix       ]. 
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3.4 Bridge response calculations 

Because of the complexity of the bridge-vehicle interaction problem, the bridge 

response can be determined in three stages as follows:  

3.4.1 Stage 1 displacements 

In this stage, the dynamic response of the bridge is determined due to the various 

dynamic forces acting along the bridge. These dynamic forces result from the inertia forces 

and the damping forces due to the initial conditions of the bridge at the beginning of the 

time step. These forces are applied to the bridge model to find the bridge displacements at 

this stage {displacement 1}. 
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3.4.2 Stage 2 displacements 

In this stage, a group of imaginary supports is introduced at the bridge-vehicle 

connection points forcing them to have zero vertical displacements. At first, the reactions 

of the imaginary supports are calculated by multiplying the bridge-vehicle combined 

stiffness matrix by the vertical displacements (calculated in stage 1) but at the connection 

points only. 

Then, the imaginary reactions vector calculated in the last step is extended to form the 

whole bridge force vector with the imaginary reactions at the contact points and zeroes at 

other bridge nodes.  Then, this force vector could be applied to the bridge model to 

calculate the bridge displacements {displacement 2}. 

Summation of stages 1&2 result in the calculation of the bridge response due to the 

dynamic forces along the bridge assuming imaginary supports at the bridge-vehicle 

connection points preventing them from the vertical displacements as shown in Figure 3. 

 

Figure 3: The bridge response due to various dynamic forces along the bridge while applying 

imaginary reactions at contact points. 

3.4.3 Stage 3 displacements 

In this stage, the effect of the imaginary supports is canceled and the final bridge 

response can be obtained. The imaginary reactions calculated in stage 2 can be inverted 

and introduced into the bridge-vehicle model. These inverted reactions should be added to 

axles' static loads and applied at the bridge-vehicle connection points in the combined 

model. Therefore, the forces acting at vehicle DOFs do not equal zero as the vehicle is 

affected by its initial conditions at the beginning of the time step. 

The connection points forces can be accompanied by the vehicle forces to form the whole 

forces vector in the combined model. Then, the displacements of the vehicle and the 

connection points can be obtained. The displacements obtained in this stage are the exact 

values of the displacements for the vehicle and the bridge-vehicle connection points. 

However, the response of all other bridge nodes has yet to be determined. In order to do 

that, a set of forces is calculated at the bridge-vehicle connection points, which, if applied 

on the bridge model, would result in the same response at the contact points.  

These forces can be extended to form the whole force vector and applied to the bridge 

model to obtain the displacements of the other bridge nodes { displacement 3 }. 

The summation of the bridge response at the previous 3 stages results in the final response 

of the bridge. 

{ final displacement} = { displacement 1 }+{ displacement 2}+{ displacement 3}       (10) 
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These displacements can be used as the initial conditions of the next time step. Also, the 

vehicle displacements obtained from the combined model can be used as the initial 

conditions for the vehicle in the next time step. 

3.5 Element and node numbering 

The bridge model is divided into a large number of elements. Each element has two 

nodes. At the supports, there are 2 cases, continuous spans, and simple spans. For the 

continuous spans case, the element just before and the element just after the support 

location have a common node at which the support is defined. For the simple spans case, 

the two elements just before and after the support should be separated. In order to do that, 

two different nodes are defined at the support location, each node is connected with a 

different span and two supports are defined separately at each node. For the simple spans 

case, a modification in the axle search routine should be applied as the two nodes at the 

support location have no element. The search routine was modified by Galal [8] to search 

for elements instead of nodes to avoid the presence of the axle at the no-element location. 

3.6 Simulation of the bridge profile 

For the vehicle-bridge system, the displacements of the bridge contact points and 

the vehicle wheels should have the same value to attain the compatibility of the 

displacements at the bridge vehicle contact points. In order to take the effect of the bridge 

profile on the vehicle vibrations and the bridge dynamic response, upward vertical forces 

are applied at the axles DOFs and downward vertical forces are applied at the bridge 

contact points as shown in Figure 4. These upward and downward forces have the same 

values which equal the height of the bridge profile multiplied by the stiffness of the tire 

connected with this axle. Sometimes the values of these forces are very large, especially in 

the case of simulating the bridge entrance and exit slopes. The change of the axle 

displacements resulted in an overall change in the displacements for the whole vehicle 

model which counteracts the effect of these large forces and then only the difference 

between these effects produces the dynamic effect of the vehicle on the bridge. The effect 

of bridge profile on the stiffness coefficients of the bridge elements is ignored as these 

slope values are too small to affect these stiffness coefficients.   

 

Figure 4: Equivalent Vertical forces due to the effect of bridge profile 
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4- PARAMETRIC STUDY 

4.1 Bridge description 

A parametric study was conducted on the Kilo-21 bridge which is located on 

Alexandria-Matruh highway road. The bridge has a total length of 660m and a 12.8m 

width. The bridge vertical profile is shown in Figure 5. 

 

Figure 5:  Longitudinal profile for Al Kilo-21 bridge 

The whole bridge consists of 18 spans divided into 5 parts as shown in Figure 6. The first 

two parts are separated from each other by an expansion joint. Each part consists of 3 

continuous spans. The last three parts are also separated from each other by the expansion 

joints. Each part has 4 continuous spans.  

 

Figure 6: Span's continuity for the actual case of the bridge 

The bridge cross-section is a box girder section that has a total width of 12.8 m and a total 

height of 2 m. Its detailed dimensions are shown in Figure 7. The box section properties 

are shown in table 1. The section properties were calculated from one box section. 

 

Figure 7: Cross-section for AL Kilo-21 bridge 

 

 



57 
 

Table 1: Properties of the studied bridge 

Mass (M) Inertia (I) Young‘s Modulus (E) 

10.3 t /m 0.9 𝑚  3.13 *     (t/𝑚 ) 

4.2 Selected cases study 

Several cases were introduced to study the effect of the different parameters on the 

bridge dynamic response. All the studied cases are shown in Table 2. The effect of 

different slopes was studied, including the case of a flat surface, actual bridge profile 

which has curved slopes, case of slopes equal to 1.5 times the original slopes, and the case 

of straight-line slopes. The effect of vehicle speed on the dynamic bridge response was 

also studied. A study was also performed on the continuous spans case and the simple 

spans case to study the effect of supports continuity on the dynamic response of the bridge. 

The Case of the existence of bumps at the expansion joints was also examined to 

investigate the effect of road surface irregularities on the bridge dynamic response. The 

properties of the used vehicle model are shown in Table 3 [9].  

Table 2: Runs performed on the studied bridge 

 Support 

condition 
Slopes 

Vehicle 

speed 
Bump Vehicle 

1 Continuous Actual profile 5 km/h No Vehicle 1 

2 Continuous Actual profile 40 km/h No Vehicle 1 

3 Continuous Actual profile 70 km/h No Vehicle 1 

4 Continuous Actual profile 100 km/h No Vehicle 1 

5 Continuous Flat 100 km/h No Vehicle 1 

6 Continuous 1.5 * Actual profile 100 km/h No Vehicle 1 

7 Continuous Straight lines 100 km/h No Vehicle 1 

8 Simple Actual profile 5 km/h No Vehicle 1 

9 Simple Actual profile 100 km/h No Vehicle 1 

10 Continuous Actual profile 100 km/h at 120 m Vehicle 1 

11 Continuous Actual profile 100 km/h at 210 m Vehicle 1 
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Table 3: Properties of the studied vehicles 

Properties Vehicle 1 

Front axle load (A)          

Intermediate axle load (B)          

Rear axle load (C)          

Distance between axle(A) and(B) 3 m 

Distance between axle(A) and(C) 2 m 

Front tire stiffness           𝑚 

Intermediate tire stiffness           𝑚 

Rear tire stiffness           𝑚 

Front axle stiffness         𝑚 

Rear axle stiffness         𝑚 

Body mass (M) 57000 kg 

Rotational moment of inertia 118750 kg. 𝑚  

Axle (A) mass 1000 kg 

Axle (B) mass 1000 kg 

Axle (C) mass 1000 kg 

Distance between the vehicle body and the front axle 2.5 m 

Distance between the vehicle body and the  rear axle 1.5 m 

 

 

4.3 Analysis results 

The results of the previously studied cases are shown in Figure 8 to Figure 16. The 

moment and deflection values for cases 1,4,5, and 6 are sown in Figure 8 to Figure 11. The 

effect of changing bridge entrance and exit slopes is shown in Figure 12 and Figure 13.  

 

       a) Maximum deflection                                          b) Maximum bending moment 

Figure 8: Variation of the maximum deflection and bending moment (Actual bridge profile, Crawl 

speed, continuous spans) 
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       a) Maximum deflection                                          b) Maximum bending moment 

Figure 9: Variation of the maximum deflection and bending moment (Actual bridge profile, 100km/h, 

continuous spans) 

The effect of changing vehicle speed is shown in Figure 14. The effect of bridge spans 

continuity is shown in Figure 15. The effect of the existence of bumps at the bridge 

entrance and expansion joint is shown in Figure 16. 

 
       a) Maximum deflection                                          b) Maximum bending moment 

Figure 10: Variation of the maximum deflection and bending moment (Case of one and a half the 

actual bridge profile, 100km/h speed, continuous spans) 

 

a) Maximum deflection                                          b) Maximum bending moment  

Figure 11: Variation of the maximum deflection and bending moment (Case of Flat surface, 100km/h 

speed, continuous spans) 
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             a) Deflection                                                          b) Bending moment  

Figure 12: Effect of changing the bridge profile on the DAF values for deflection and bending moment 

(case of continuous spans, V = 100km/h) 

  

        a) Deflection                                                          b) Bending moment 

Figure 13: Effect of changing slope pattern on DAF values for deflection and bending moment (case of 

continuous spans, v=100km/h) 

 

        a) Deflection                                                                b) Bending moment  

Figure 14: Effect of changing the vehicle speed on the DAF values for deflection and bending moment 

(Actual bridge profile, continuous spans) 
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            a) Deflection                                                                 b) Bending moment  

Figure 15: Effect of bridge support continuity on the DAF values for deflection and bending moment 

(Actual bridge profile, V = 100km/h) 

 

      a) Deflection                                                            b) Bending moment 

Figure 16: Effect of a bump existing at 120 m and 210 m from bridge entrance on the DAF values for 

deflection (100 km/h, continuous spans) 

4.4 Discussion of the results 

1. It can be observed that for the case of curved slopes (actual bridge profile), when the 

slopes increase, DAF values increase in the first spans where the slopes are upward. In 

the last spans, DAF values decrease where the slopes are downward. The increase in 

DAF values in the first spans can be explained by the fact that each time the vehicle 

moves on the upward slopes, it gained more excitations which caused more vehicle 

vibrations and consequently a higher effect on the bridge dynamic response.  For the 

downward slopes, the decrease in DAF values could be explained by the fact that the 

vehicle has what is called the flying mood resulting in a decrease in the tire forces. For 

the case of straight slopes, the values of DAF for the bridge are higher than those of the 

curved case, as the sudden change in the bridge profile at the points where the slope 

changes its directions resulted in more increase in the vehicle vibrations, which leads to 

an increase in DAF values. DAF values also increase at the point where the slopes 

change from the nearly horizontal case to the downward case in contrast to the case of 

curved slopes where DAF values tend to decrease. This can also be attributed to the 

large increase in vehicle vibrations in the case of straight slopes.  
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2. It can be noted that for cases of different vehicle speeds, by increasing vehicle speed, 

DAF values generally increased but not for all cases. The increase in DAF values can 

be illustrated by the fact that increasing vehicle speed causes more vehicle vibrations 

and consequently higher bridge response. In some cases, by increasing vehicle speed, 

DAF values decreased. This result can be interpreted by the phase angle of the vehicle 

as it moves along the span and the relation between the vehicle and bridge periods of 

vibration and the time taken by the vehicle to cross this bridge span. 

3. For the case of different support conditions, it is observed that the simple spans case 

has higher DAF values than the actual supports conditions which consist of a number 

of continuous spans. This can be attributed to many reasons, firstly the fact that the 

supports discontinuity caused larger values for bridge deflections which caused higher 

vehicle vibrations then went back to affect the bridge response causing higher DAF 

values. Secondly, the effect of the change in slope at the supports in the simple spans 

case caused more vibrations for the vehicle. That is not the case for the continuous 

spans case in which the support maintains its slope just after and before it. Thirdly, the 

effect of slope continuity for continuous spans case at the supports resulted in a 

negative starting deflection value for the span next to the loaded one. This negative 

deflection value led to a decrease in the final displacement value for bridge spans. 

4. It can be observed that DAF values for the bending moment are slightly less than those 

for the deflection. These extremely close values can be attributed to the fact that the 

bridge's first mode of vibration dominates both responses. The higher bridge modes 

which tend to affect the bending moment more than the deflection have very little 

effect on the results. 

5. The effect of the existence of bumps at the expansion joints was obviously found to 

increase the response in the first span after the bump locations. The DAF values 

reached 70% over the static response which exceeded the DAF values specified in the 

Egyptian Code of Practice.  

5- Summary and conclusion 

This paper presented a research work that deals with the bridge-vehicle interaction 

problem. A software program was used to solve this dynamic problem using the 

substructuring & matrix condensation concepts. A parametric study was conducted on Al 

Kilo 21 bridge, including the different factors affecting this interaction, focusing on the 

effect of bridge entrance and exit slopes. Based on the analysis results, a number of 

conclusions have been obtained as follows: 

1. A number of special considerations should be taken into account in the design of 

bridge entrance slopes as DAFs were found to increase at the spans with upward 

slopes.  

2. The road profile should be designed to have curved slopes rather than straight slopes 

since the case of the curved slopes resulted in significantly lower DAF values than the 

case of the straight slopes. 
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3. The Construction Supervising Engineer must pay attention to the Pavement work 

especially at the bridge entrance and exit because any irregularities in it lead to high 

DAFs. 

4. The case of simple spans resulted in higher DAF values than the continuous spans case, 

that is why special considerations are highly recommended in the design of these types 

of bridges. 

5. The existence of bumps was found to dramatically increase DAF values to the extent 

that. in some cases, it reached 80% over the static response. 

6. DAF values obtained in case of surface irregularities were found to exceed DAF values 

specified in the Egyptian Code of Practice, especially at the bridge entrance. Egyptian 

Code formulas do not depend on these factors, so a thorough comprehensive study of 

the effects of these factors on different types of bridges is highly recommended.  
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